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Abstract—This paper investigates the problem of hybrid pre-
coder and combiner design for multiple-input multiple-output
(MIMO) orthogonal frequency division multiplexing (OFDM)
systems operating in millimeter-wave (mmWave) bands. We pro-
pose a novel iterative scheme to design the codebook-based analog
precoder and combiner in forward and reverse channels. During
each iteration, we apply compressive sensing (CS) technology
to efficiently estimate the equivalent MIMO-OFDM mmWave
channel. Then, the analog precoder or combiner is obtained
based on the orthogonal matching pursuit (OMP) algorithm to
alleviate the interference between different data streams as well
as maximize the spectral efficiency. The digital precoder and
combiner are finally obtained based on the effective baseband
channel to further enhance the spectral efficiency. Simulation
results demonstrate the proposed iterative hybrid precoder and
combiner algorithm has significant performance advantages.
Index Terms—Millimeter wave, hybrid precoding, MIMO-
OFDM, compressive sensing, channel estimation.
I. INTRODUCTION
Millimeter wave (mmWave) communications can provide
high data rates by leveraging the large unexploited bandwidths
ranged from 30GHz to 300GHz, which makes mmWave
communication a promising candidate to solve the spectrum
congestion problem in the future wireless communication
networks [1]-[3]. However, compared with the conventional
frequency bands, the propagation loss in the mmWave band is
much more severe due to rain attenuation and low penetration.
Thanks to the small wavelength of mmWave signals which
enables a large array to be packed into a small physical
dimension, mmWave communications with massive MIMO
systems can provide the significant beamforming gains to
overcome severe path loss of mmWave channel as well as
enable the transmission of multiple data streams [4].
In the conventional MIMO systems, full-digital precoders
and combiners accomplished in digital-domain can adjust both
magnitude and phase of the transmit and receive signals.
However, these full-digital precoders and combiners require
a large number of expensive and energy-intensive radio fre-
quency (RF) chains, analog-to-digital converters (ADCs), and
digital-to-analog converters (DACs) which make full-digital
precoding and combining schemes impractical in mmWave
communication systems [5]. Recently, hybrid architectures
have been considered as an emerging technique to solve
this issue. The hybrid beamformer can achieve high spec-
tral efficiency and maintain low cost and power assumption
compared with the traditional MIMO systems [6]. The hybrid
precoding/combining architectures can apply high-dimensional
RF precoder with large number of analog phase shifters to
compensate the large path loss at mmWave bands. Moreover,
a small number of RF chains for low-dimensional digital
precoder can provide necessary flexibility to perform spatial
multiplexing. The hybrid precoder design problem is usually
formulated to solve various matrix factorization problems with
constant modulus constraints of the analog precoder, which is
imposed by the phase shifters. Particularly, according to the
special characteristic of mmWave channel, a codebook-based
hybrid precoder design technique has been widely used, where
the columns of the analog precoder are selected from pre-
specified vectors, such as array response vectors of the channel
and discrete Fourier transform (DFT) beamformers.
Most prior works have been devoted to investigating hybrid
precoding and combing algorithms in narrowband channels
[7]-[9]. In [7],[8], the spatial structure of mmWave chan-
nels is exploited to formulate transmit precoding and receive
combining problems as an OMP algorithm. In [9], authors
propose an iterative algorithm which updates the phases of the
phase shifters of the RF precoder and combiner. Extensions
to wideband mmWave hybrid precoding systems have been
investigated in [10]-[12]. [10] demonstrates the feasibility
for millimeter-wave mobile broadband (MMB) to achieve
gigabit-per-second data rates at a distance up to 1 km in an
urban mobile environment. In [11], a multi-beam transmission
diversity scheme for single stream transmission in MIMO-
OFDM system is proposed. In [12], the authors consider a
limited feedback hybrid precoding system to design precoders
and combiners.
In this paper, we consider a wideband mmWave MIMO-
OFDM system with unknown channel state information (CSI).
We propose a novel iterative hybrid precoder and combiner
design in both forward and reverse channel. A CS-based
channel estimation is firstly utilized to estimate the effective
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Fig. 1. The hybrid precoding and combining architecture in a MIMO-OFDM system.
channel. Then, based on the effective channel, the analog
precoder or combiner is obtained using OMP algorithm.
Finally, the digital precoder and combiner are obtained to
further suppress the interference and maximize the spectral
efficiency. Simulation results show that our proposed algorithm
can achieve significant performance improvement.
The following notation is used throughout this paper. (·)T ,
(·)H , and (·)∗ are the transpose, conjugate transpose, and
conjugate of a matrix, respectively. E{·} denotes statistical
expectation.CM×N is the set ofM×N matrices with complex
entries. IN represents an N×N identity matrix. | · | , ‖·‖, and
‖ · ‖F are the scalar magnitude, vector norm, and Frobenius
norm, respectively. [·]r,: and [·]:,c are the rth row and cth
column of a matrix.
II. SYSTEM AND PROBLEM FORMULATION
In this section, we present the system and channel mod-
els for mmWave MIMO-OFDM communications with hybrid
precoder and combiner architecture.
A. System Model
We consider a MIMO-OFDM system with N subcarriers as
shown in Fig. 1. A transmitter with Nt transmit antennas and
NRF RF chains transmits Ns data streams to a receiver which
has Nr receive antennas and NRF RF chains. We assume the
number of RF chains is subject to the constraints NRF ≤ Nt
and NRF ≤ Nr. The number of data streams is constrained as
Ns = NRF.
At the transmitter, let s[k], k = 1, . . . , N , be the Ns × 1
transmitted vector at the kth subcarrier, E{s[k]sH [k]} =
1
Ns
INs . The data stream is firstly precoded by the NRF ×Ns
digital precoding matrix FBB[k], and then transformed to
the time-domain by inverse fast Fourier transform (IFFT)
operation. After cyclic prefix (CP) insertion, the transmitted
signal is precodered by the Nt×NRF analogy precoder FRF.
Note that the digital precoding matrix FBB[k] can be different
for each subcarrier, the analog precoding matrix FRF ∈ F
is the same for all subcarriers due to the special hybrid pre-
coding constructure, where F is the codebook for the analog
precoders which are implemented by analog components like
phase shifters, i.e. a set ofNt×1 vectors with quantized phases
and constant magnitude entries. The transmit signal at the kth
subcarrier can be expressed as
x[k] =
√
PFRFFBB[k]s[k], k = 1, . . . , N, (1)
where P represents the average transmit power. The main
difference between the OFDM-based hybrid precoding and
conventional fully-digital precoding is that FRF is applied in
the time-domain and the same for all subcarriers, while the
baseband precoder FBB[k] is performed on each subcarrier in
the frequency-domain.
At the receiver, the received signal is combined by the
Nr × NRF RF combining matrix WRF. The constraint of
RF combiner WRF is similar to the RF precoder FRF, i.e.
WRF ∈ W , where W is the set of feasible RF combin-
ers. After RF combining, the CP is removed, and then the
time-domain signal is transformed to frequency-domain by
the FFT operation. Finally, the NRF × Ns digital combing
matrix WBB[k] is employed to process the signal at the kth
subcarrier. Let H[k] ∈ CNr×Nt denote the channel at the
kth subcarrier, the received signal after combing at the kth
subcarrier can be expressed as
y[k] =
√
PWHBB[k]W
H
RFH[k]FRFFBB[k]s[k]
+WHBB[k]W
H
RFn[k], k = 1, . . . , N,
(2)
where n[k] ∼ CN (0, σ2nI) is the Gaussian noise vector at the
kth subcarrier.
B. Channel Model
We consider a geometric channel model for wideband
mmWave channel. For the ease of description, we will use
linear antenna array in the channel model. In the N -subcarrier
OFDM system, the delay-domain channel with L number of
paths can be expressed as
H[d] =
L∑
l=1
αlf(dTs − τl)ar(ϕl)aHt (φl), (3)
where αl is the complex path gain of the lth channel path,
f(τ) denotes the raised cosine pulse filter at τ , Ts is sampling
period, τl ∈ R is the delay of the lth path. ϕl and φl are
the angles of arrival (AoA) and departure (AoD), respectively.
ar(ϕl) and at(φl) denote the antenna array response of the
transmitter and receiver, respectively,
ar = [1, e
jπsin(ϕl), . . . , ejπ(Nr−1)sin(ϕl)]T , (4)
at = [1, e
jπsin(φl), . . . , ejπ(Nt−1)sin(φl)]T . (5)
After N -point FFT of the delay-domain channel H[d], we
can obtain the frequency-domain channel at the kth subcarrier
H[k] =
N−1∑
d=0
H[d]e−j
2pik
N
d
=
N−1∑
d=0
L∑
l=1
αlf(dTs − τl)ar(ϕl)aHt (φl)e−j
2pik
N
d,
(6)
where k = 0, 1, . . . , N − 1, denotes the kth subcarrier in the
OFDM systems.
C. Problem Formulation
In this paper, we consider the problem of hybrid precoder
and combiner design in mmWave MIMO-OFDM systems.
We first present the CS-based channel estimation to obtain
the effective channel information. Then, with the aid of the
CS-based channel estimation, we propose an iterative hybrid
precoder and combiner design scheme aiming at maximizing
the spectral efficiency which can be expressed as
I =
1
N
N∑
k=1
log2
(∣∣∣∣INs + PNsR−1n WHBB[k]WHRFH[k]FRF
× FBB[k]F
H
BB[k]F
H
RFH
H [k]WRFWBB[k]
∣∣∣∣
)
, k = 1, . . . , N.
(7)
where Rn , σ
2
nW
H
BB[k]W
H
RFWRFWBB[k].
The optimization problem of (7) is obviously a non-
convex problem. Note that the forward channel (transmitter-
to-receiver) and the reverse channel (receiver-to-transmitter)
are identical in a reciprocal time division duplex (TDD)
system. Motivated by this fact, we propose a forward-reverse
iterative CS-based hybrid beamformer design algorithm. At
each iteration, the transmitter and receiver conditionally de-
termine their optimal beam vectors based on the estimated
forward or reverse effective channel information obtained by
CS technique. The detailed algorithm is presented in the next
section.
III. HYBRID PRECODER AND COMBINER DESIGN
A. Analog Combiner Design with CS-based Forward Channel
Estimation
The transmitter firstly transmits some training symbols in
order to let the receiver estimate the forward channel. We
assume different RF chains are independent with each other
and the training signals are transmitted one RF chain by
another. The received signal at the kth subcarrier for the ith
RF chain is
Yir[k] = Hr[k]fRFis, i = 1, . . . , NRF, (8)
where Yir[k] ∈ CNr×1 represents the received signal for the
ith RF chain, s = [1, 1, . . . , 1]T represents the training signal
for all RF chains. The subscript “r” represents the receiver. In
the initial iteration, an random beam vector fRFi is adopted in
each RF chains since we do not know the exact position of the
receiver. With the analog precoder vector fRFi , the frequency-
domain channel vector in the first RF chain can be expressed
as
h1r[k] =Hr[k]fRF1 ,
=
N−1∑
d=0
L∑
l=1
αlf(dTs − τl)e−j 2pikN dar(ϕl)aHt (φl)fRF1 ,
=
N−1∑
d=0
L∑
l=1
αlβ1f(dTs − τl)e−j 2pikN d︸ ︷︷ ︸
γd,l,k
ar(ϕl), k = 1, . . . , N,
(9)
where βi , a
H
t (φl)fRFi , i = 1, . . . , NRF.
We define a dictionary Ψr shown in (10) at the top of
the next page, where θ ∈ [−90◦, 90◦] is the angle resolution,
Ψr has Lr = 180/θ columns. The dictionary Ψr can cover
the whole angle range since θ ∈ [−90◦, 90◦] and produce all
possible values of sin(θ). Then, we can represent the effective
channel h1r[k] as
h1r[k] = Ψrx
1
r [k], k = 1, 2, . . . , N. (11)
If the ith column of Ψr is equal to ar(ϕl), then the ith
entry of x1r[k] is set to γd,l,k. This means that, the expansion
vector x1r[k] of h
1
r[k] is sparse, which enables us utilize CS
to estimate the effective channel.
After the training for the first RF chain, the other training
procedures are similar as above. Let H˜r[k] be the effective
channel matrix, Xr[k] ∈ CLr×NRF be the sparse matrix, and
each column of Xr[k] is a sparse vector.
H˜r[k] = [h
1
r[k],h
2
r[k], . . . ,h
RF
r [k]], k = 1, . . . , N,
Xr[k] = [x
1
r [k],x
2
r [k], . . . ,x
RF
r [k]], k = 1, . . . , N.
(12)
We can represent the effective channel matrix H˜r[k] as
H˜r[k] = ΨrXr[k], k = 1, 2, . . . , N. (13)
Then,Mr training transmissions are needed to obtain the mea-
surement signal at the kth subcarrier, which can be expressed
as
Rr[k] =Φr(Yr[k] +Nr[k])
=Φr(ΨrXr[k] +Nr[k])
=VrXr[k] +ΨrNr[k], k = 1, . . . , N,
(14)
where Rr[k] ∈ CMr×NRF is the receive signal matrix, Mr
is the length of training signal, Φr ∈ CMr×Nr is the
measurement matrix which is randomly chosen from the
set {±1,±j}, Nr[k] ∈ CNr×NRF is the AWGN matrix at
the kth subcarrier, Vr , ΦrΨr. During the mth training
transmission, m = 1, . . . ,Mr, the transmitter use fRFi as the
transmit beam vector, while the receiver uses Φr(m, :)
H as the
beam vector. To estimate the effective channel H˜r[k], we can
use orthogonal matching pursuit (OMP) to estimate Xr[k] and
then the effective channel H˜r[k] can be constructed by (13).
Ψr =

1 . . . 1 1 1 . . . 1
ejπsin(−90
◦+θ) . . . ejπsin(−θ) 1 ejπsin(θ) . . . ejπsin(−90
◦)
ej2πsin(−90
◦+θ) . . . ej2πsin(−θ) 1 ej2πsin(θ) . . . ej2πsin(−90
◦)
.
.. . . .
.
..
.
..
.
.. . . .
.
..
ej(Nr−1)πsin(−90
◦+θ) . . . ej(Nr−1)πsin(−θ) 1 ej(Nr−1)πsin(θ) . . . ej(Nr−1)πsin(−90
◦)
 . (10)
With the estimated effective channel H˜r[k], we propose
to firstly design the analog combiner which can enhance the
channel gain of each data stream channel as well as suppress
the interference from each other. Since each subcarrier has its
own optimal precoder/combiner, it is difficult to choose the
best beam vector to achieve the original goal. Therefore, we
turn to seek a suboptimal solution. In particular, by considering
each transmit/receiver RF chain pair one by one, we succes-
sively select analog precoder and combiner to maximize the
corresponding channel gain.
We first calculate the optimal MMSE combiner to maximize
the corresponding channel gain as well as mitigating the
subcarrier interference. The MMSE combiner for the kth
subcarrier can be written as
Γr[k] = (H˜r[k]H˜
H
r [k] + σ
2
nINr)
−1H˜r[k], (15)
where Γr[k] ∈ CNr×NRF , k = 1, 2, . . . , N . We normalize the
MMSE combiner Γr[k] by
[
Γr[k]
]
:,i
=
[
Γr [k]
]
:,i∥∥∥[Γr [k]]:,i
∥∥∥ , i = 1, . . . , NRF. (16)
For the first data stream channel (i.e. i = 1), we find the
suboptimal analog combiner w⋆RF1 by searching all candidate
vectors in codebookW to obtain the largest beamforming gain
for all subcarriers:
w⋆RF1 = arg max
wRF∈W
N∑
k=1
∣∣wHRF[Γr[k]]:,1
∣∣. (17)
Assign w⋆RF1 to the combiner matrices[
W⋆RF
]
:,1
= w⋆RF1 . (18)
For the rest NRF − 1 data streams, we attempt to suc-
cessively select combiners to actively avoid the interference
of the data streams whose precoders and combiners have
been determined. To achieve this goal, the component of
previous determined combiners should be removed from other
data streams’ channels in such a way that the similar analog
combiners would not be selected for the other RF chains. Par-
ticularly, let q1 , w
⋆
RF1
be the components of the determined
analog combinder for the first data stream. Before finding the
second (i.e. i = 2) analog combiner, the MMSE combiner will
be updated by[
Γr[k]
]
:,2
= (INr − q1qH1 )
[
Γr[k]
]
:,2
, (19)
Algorithm 1: Iterative Analog Combiner Design
Input: W , Γr[k], H˜r[k], k = 1, . . . , N .
Output: WRF.
for i = 1 : NRF
w⋆RF(:, i) = arg max
WRF∈W
∑N
k=1
∣∣wHRF[Γr[k]]:,i∣∣;[
W⋆RF
]
:,i
= w⋆RFi ;
if i = 1,
qi = w
⋆
RFi
;
else
qi = w
⋆
RFi
−
∑i−1
j=1 q
H
j w
⋆
RFi
qj = qi/ ‖ qi ‖;
end if[
Γr[k]
]
:,i
= (INr − qiq
H
i )
[
Γr[k]
]
:,i
;
end for
and then execute searching precessing as
w⋆RF2 = arg max
wRF∈W
N∑
k=1
∣∣wHRF[Γr[k]]:,2
∣∣. (20)
The analog combiners for the rest RF chains can be suc-
cessively selected using the above procedure. Note that when
i > 1, the orthogonal component qi of the selected combiner
w⋆RFi can be obtained by a Gram-Schmidt based procedure:
qi = w
⋆
RFi −
i−1∑
j=1
qHj w
⋆
RFiqj , (21)
qi = qi/‖qi‖, i = 2, . . . , NRF. (22)
This iterative analog combiner design algorithm is summa-
rized in Algorithm 1.
B. Analog Precoder Design with Reverse Channel Estimation
With the obtained analog combiner W⋆RF at the receiver,
the channel estimation and hybrid precoder design in reverse
channel are similar as those in forward channel. The achievable
spectral efficiency of the reverse channel system is
It = 1
N
N∑
k=1
log2
(∣∣INs + PNsR
−1
t F
H
BB[k]F
H
RFH
H
r [k]WRF
×WBB[k]WHBB[k]WHRFHr[k]FRFFBB[k]
∣∣), k = 1, . . . , N,
(23)
where the subscript “t” represents the transmitter, Rt ,
σ2tF
H
BB[k]F
H
RFFBB[k]FRF is the noise convariance of the
reverse channel.
Since the analog combiner WRF is available, the receiver
also transmits Mt training symbols to estimate the effective
reverse channel. The received signal at the transmitter is
Yit[k] = H
H
r [k]wRFis, i = 1, . . . , NRF, (24)
where Yit[k] ∈ CNt×1 denotes the received signal for the ith
RF chain. Similar to (12), let H˜t[k] represent the effective
reverse channel and we have
H˜t[k] = ΨtXt[k], k = 1, . . . , N, (25)
where Ψt is the dictionary of size Nt × Lt with Lt = Lr,
and it is the same as Ψr except that the term Nr in (10) is
replaced with Nt. The signal after measuring can be expressed
as follows
Rt[k] =Φt(Yt[k] +Nt[k])
=Φt(ΨtXt[k] +Nt[k])
=VtXt[k] +ΨtNt[k], k = 1, . . . , N,
(26)
where Rt[k] is the receive signal matrix of size Mt ×NRF,
Φt ∈ CMt×Nt is the measurement matrix, and the other
notations are similar to those in (14). We can obtain the
effective channel H˜t[k] based on CS technique in a similar
way to obtain H˜r[k].
The MMSE of reverse channel can be written as
Γt[k] = (H˜t[k]H˜
H
t [k] + INt)
−1H˜t[k], (27)
where Γt[k] is MMSE matrix of size Nt × NRF. Similar to
the determination of the analog combiner W⋆RF, the analog
precoder FRF is selected by searching through the columns
of codebook F :
f⋆RFi = arg max
fRF∈F
N∑
k=1
∣∣fHRF[Γt[k]]:,i
∣∣, i = 1, . . . , NRF. (28)
Assign f⋆RFi to the precoder matrices[
F⋆RF
]
:,i
= f⋆RFi , i = 1, . . . , NRF. (29)
The following procedure is similar as Algorithm 1 proposed
above. After obtaining the analog precoder F⋆RF, the first
iteration is completed. We then use the obtained analog
precoder above as a start point and iteratively design the analog
precoder and combiner in forward and reverse transmissions.
During the next iteration, a similar process repeats. After
Mr training transmissions from the transmitter, the receiver
will estimate the effective channel H˜r[k] and then renew the
combinerW⋆RF by maximizing the spectral efficiency (similar
to (17)). Next, based on the Mt training transmission from
the receiver, the transmitter estimates the effective channel
H˜t[k] and then updates the precoder by searching through the
codebook (similar to (28)). The iteration procedure continues
until the convergence is found or the iteration times exceeds
a pre-specified number.
C. Digital Precoder and Combiner Design
After all analog beamformer pairs for RF chains have been
determined, the baseband digital precoder and combiner are
computed to further mitigate the interference and maximize
the spectral efficiency. We can obtain the effective baseband
channel as
He[k] =W
H
RFH˜r[k], k = 1, . . . , N. (30)
We perform singular value decomposition (SVD)
He[k] = UkΣkV
H
k , k = 1, . . . , N, (31)
where Uk is an Nr ×Nr unitary matrix, Σk is an Nr ×Nt
diagonal matrix of singular values, and Vk is an Nt × Nt
unitary matrix. Then, the digital precoder and combiner can
be obtained by
F⋆BB[k] = Vk(:, 1 : NRF),
W⋆BB[k] = Uk(:, 1 : NRF).
(32)
Finally, the digital precoder and combiner can be normalized
by
FBB[k] =
√
NsFBB[k]
‖FRFFBB[k]‖F , k = 1, . . . , N,
WBB[k] =
√
NsWBB[k]
‖WRFWBB[k]‖F , k = 1, . . . , N.
(33)
IV. SIMULATION RESULTS
In this section, we illustrate the simulation results of the
proposed iterative hybrid precoder and combiner design. We
consider a mmWave MIMO-OFDM system where both the
transmitter and receiver are equipped with 32-antenna ULAs
and the antenna spacing is d = λ2 . The number of channel
paths is set as L = 6. The elevation of the AoA/AoD is
assumed to be uniformly distributed in [−π2 , π2 ]. The number
of RF chains at transmitter and receiver are NRF = 4, so is the
number of data streams Ns = 4. We employ two codebooks
consist of a series of array response vectors with 64 uniformly
quantized angle resolutions. For the comparison purpose, we
also evaluate the approximate Gram-Schmidt based hybrid
precoding algorithm [13], which greedily selects the RF
beamforming vectors using Gram-Schmidt orthogonalization.
Moreover, the greedy hybrid precoding/combining algorithm
is proposed with the assumption of perfect CSI.
Fig. 2 shows the spectral efficiency versus signal-to-noise-
ratio (SNR) over 105 channel realizations in mmWave MIMO-
OFDM system. The number of subcarriers is N = 32 and the
CP length is Ncp = 8. We can observe that the spectral effi-
ciency of our proposed iterative hybrid precoder and combiner
design is higher than the Gram-Schmidt based greedy hybrid
precoding and combining algorithm. A mmWave MIMO-
OFDM system with N = 128 subcarriers and Ncp = 32 is
shown in Fig. 3 which has similar conclusions. The spectral
efficiency of the two algorithms will be improved with the
number of subcarriers increasing. It can be observed from
these two figures that our proposed algorithm has better
performance compared with the existing algorithm.
Fig. 4 shows the spectral efficiency versus SNR using differ-
ent number of RF chains in mmWave MIMO-OFDM systems.
Similar conclusions can be drawn that our proposed iterative
hybrid precoding/combining algorithm can achieve significant
performance improvement. In addition, our proposed hybrid
precoding/combining algorithm with NRF = 8 has better
performance than the case of NRF = 4. We can observe that
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Fig. 3. Spectral efficiency versus SNR (N = 128, Nt = Nr =
32, NRF = 4).
the larger number of RF chains, the better performance can
be achieved in mmWave systems.
V. CONCLUSIONS
This paper considered the problem of iterative hybrid
precoder and combiner design in mmWave MIMO-OFDM
systems. We proposed an iterative scheme to successively
select the analog precoder and combiner in forward and reverse
channels. A CS-based channel estimation is firstly utilized to
estimate the effective channel. Then, based on the effective
channel, the analog precoder or combiner can be obtained by
OMP algorithm. Finally, the digital precoder and combiner are
computed to further suppress the interference and maximize
the spectral efficiency. Simulation results demonstrate that
our proposed scheme can achieve significant performance
improvement.
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